Abstract. In this paper, we prove the existence of certain lifts of Hilbert cusp forms to general odd spin groups. We then use those lifts to provide evidence for a conjecture of Gross on the modularity of abelian varieties not of GL 2 -type.
Introduction
Let F {E be a cyclic extension of totally real number fields of degree g. Let π be a cuspidal Hilbert automorphic representation of GL 2 pA F q, with trivial central character, which is not a base change from any proper sub-extension F 1 {E of F . In this paper, we show that the automorphic induction Π 1 of π from F to E, which a priori lives on GL 2g pA E q, descends to an automorphic representation Π of GSpin 2g`1 pA E q. In fact, our result is a little stronger (see Theorem 3.3).
As an application of our construction, we provide some evidence for the following conjecture of Gross on the modularity of abelian varieties (see Conjecture 5.1 for a slightly more general statement).
Conjecture 1.1 (Gross-Langlands).
1 Let B be an abelian variety of dimension g and conductor N defined over Q such that End Q pBq " Z. Then, there exists a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA Q q of weight 2 and paramodular level structure N , with field of rationality Q, such that LpB, sq " LpΠ, sq.
Gross' conjecture deals more generally with discrete symplectic motives of pure weight 1, with Conjecture 1.1 being a special case, see [Gro16,  Conjectures 3 and 4, and Proposition 6]. It proposes a candidate admissible representation Π " Â 1 v Π v , whose local components Π v are described using the local Langlands correspondence for SO 2g`1 pA Q q [JS04] after some appropriate normalisation. It also predicts the level of Π in terms of the conductor of B. The main challenge is to prove that this Π is indeed automorphic and cuspidal. (We note that, although the field of rationality of Π is not explicitly discussed in [Gro16] , its existence could be inferred from the theory of newforms developed in § §6-8. Also, the paramodular level structure is only defined for the group SO 2g`1 , but one can extend the theory to GSpin 2g`1 .) Conjecture 1.1 is a generalisation of the genus 2 case also known as the paramodularity conjecture [BK14, Conjectures 1.1 and 1.4]; the best theoretical evidence for the conjecture is only available in that case. Let B be an abelian surface defined over Q, with End Q pBq " Z. Let N be the conductor of B, and ℓ ě 5 a prime not dividing N . Consider the Galois representation ρ B,ℓ : GalpQ{Qq Ñ GSp 4 pZ ℓ q, arising from the ℓ-adic Tate module of B. Under some technical conditions, Tilouine [Til06] and Pilloni [Pil12] prove an overconvergent "R " T " from which they deduce that there exists an overconvergent Siegel modular form f of genus 2 and weight 2 such that ρ B,ℓ » ρ f,ℓ . In this case, one is left with proving that the form f is indeed classical. That crucial step has now been settled in [Pil17] . In [CG16] , they also prove a modularity lifting theorem for Siegel modular forms of genus 2 and non-regular weights. However, as it stands, this result doesn't apply yet to abelian surfaces. All of the results above impose a "big image" condition. This makes it extremely hard to check residual modularity in practice since GSp 4 pF ℓ q is rather big for ℓ ě 5.
The infinite component Π h 8 of the automorphic representation Π h , associated to the form f described above, is a limit of holomorphic discrete series. But, although the form f itself is not cohomological, its construction relies crucially on the fact that the symmetric space associated to SOp3, 2q carries a complex structure. For example, in [Til06, Pil12, Pil17] , the form f arises from ℓ-adic families of overconvergent Siegel modular forms. This requires working with the geometry of Siegel modular threefolds; this is equally true for the approach used in [CG16] . Conjecture 1.1 predicts an automorphic representation Π which is globally generic. Its infinite component Π 8 is a limit of generic discrete series. Unfortunately, the symmetric space associated to the split group GSpin 2g`1 no longer carries a complex structure when g ě 3 (see [Gro16] ). Moreover, as was pointed out to us by Tilouine [Til15] , Π 8 becomes more and more degenerate as the dimension g of B increases. This means that, for g ě 3, none of the approaches mentioned above readily applies, and that any substantial progress towards Conjecture 1.1 will require some novel ideas.
Our goal in this paper is one that is more modest. We want to provide some evidence for Conjecture 1.1 by means of functoriality. Our approach here is a generalisation of [DK16, BDPŞ15] . It consists in showing that Conjecture 1.1, or rather its converse, is compatible with Galois descent of isogeny classes, which corresponds to lifts on the automorphic side. More precisely, we prove the following: their work. Finally, we would like to express our deepest gratitude to B. Gross for his unbounded enthusiasm and encouragement during the course of this project.
Automorphic representations for GL n
In this section, we recall some results on automorphic representations for GL n that we need. (We refer to [BLGGT14a, BLGGT14b, BLGGT12] for more details.) We let F be a totally real number field, and denote by J F the set of all real embeddings of F . For every a " pa τ q τ PJF , with a τ " pa τ,1 , . . . , a τ,n q P Z ǹ , such that a τ,1 ě¨¨¨ě a τ,n , we let Ξ a be the irreducible representation of Res F {Q pGL n q given by
where Ξ aτ is the irreducible representation of GL n of highest weight a τ . We are interested in the a such that Ξ a is an algebraic representation of Res F {Q pGL n q. In that case, there exists n 0 P Z`such that, for all 1 ď i ď n, a τ,i`aτ,n`1´i " n 0 .
Let π be an automorphic representation of GL n pA F q. We say that π has weight a if π 8 has the same infinitesimal character as Ξ _ a , the dual of Ξ a . We will be interested in automorphic representations π which satisfy the following conditions:
1. π is regular algebraic of weight a, i.e. the weight Ξ a is an algebraic representation of Res F {Q pGL n q; 2. π is essentially self dual, i.e. π _ » π b χ for some Hecke character χ :
n for all τ P J F ; 3. π is cuspidal.
An automorphic representation π which satisfies the conditions above will be called RAESDC (regular, algebraic, essentially self-dual and cuspidal). We will also use the same terminology for the pair pπ, χq.
Remark 2.1. Since strong multiplicity one holds for GL n , Condition (2) is equivalent to saying that for almost all unramified places v we have π v » π _ v . 2.1. Field of rationality and Hecke orbits. Let π be an RAESDC automorphic representation of GL n pA F q, and write π " π 8 b π f , where π 8 is the archmedian component of π, and π f is finite part. Let V be the underlying complex vector space of π f . For τ P AutpCq, let V τ " V b C,τ C. Then V τ admits a natural admissible representation of GL n pA f F q, which we denote by π τ f . So, we get an action of AutpCq on equivalence classes of admissible representations of GL n pA f F q. Let Hpπ f q be the stabiliser of the class of π f in AutpCq, so
The field of rationality of π denoted L π is defined by
In general, L π is not a number field. But in our step up, this will always be the case thanks to [Clo90, Proposition 3.1] and [Clo14, Theorem 1.11].
Theorem 2.2 (Clozel). Let π be an RAESDC automorphic representation on GL n pA F q. Then, the field of rationality L π is a totally real or CM number field.
Let π be an RAESDC automorphic representation of GL n pA F q. Then the admissible representations π f of GL n pA f F q has a model π f,0 over L π . This model is unique up to scaling, and is stable under GL n pA f F q (see loc. cit.). We define the Hecke orbit of π to be the set
We note that, for τ P HompL π , Cq, the field of rationality of π τ is L π τ :" τ pL π q, and that π
2.2. Galois representations. The following result is the culmination of the work of lots of people (see [BLGGT14b, Theorem 2.1.1] and reference therein.) Theorem 2.3. Let pπ, χq be an RAESDC automorphic representation of weight a on GL n pA F q. Let λ be a prime of L π with residue characteristic ℓ, and fix an isomorphism ι : L π,λ » C. Then, there exists a Galois representation
the Hodge-Tate weights are given by
These conditions determine r λ pπq uniquely up to isomorphism.
The requirement that π be essentially self-dual in Theorem 2.3 has been removed in recent work of Harris-Lan-Taylor-Thorne [HLTT16, Theorem A] (also see [Sch15, Theorem 5.1.4]), but we will not need this here. However, we will be dealing with automorphic representations that are essentially self-dual and cuspidal but not regular (AESDC), and for which Theorem 2.3 will still be true. So, for the remainder of this section, we will assume that the Langlands correspondence is known for all our automorphic representations.
2.3. Base change for GL n . We recall that, if F {E is a Galois extension, then there is a natural action of GalpF {Eq on the set of automorphic representations on GL n pA F q given by σ π :" π˝σ. If π has weight a, then σ π has weight σ¨a :" pa στ q, σ P GalpF {Eq, with
Solvable base change for GL n for cyclic extensions of prime degree is due to ArthurClozel [AC89] . Their results were extended to general cyclic extensions by Henniart [Hen12] .
Theorem 2.4 (Cyclic base change). Let F {E be a cyclic extension of totally real fields. Let π be a cuspidal automorphic representation of GL n pA E q of weight a. Then there exists a cuspidal automorphic representation Π of GL n pA F q such that (i) For all finite places v of F , rec Fv pΠ v q " rec Ew pπ w q| WF v , where v | w. In particular, we have r λ pΠq » r λ pπq| GF . (ii) Π » Π˝σ, where GalpF {Eq " xσy. The automorphic representation Π is uniquely determined by those two conditions. It is called the base change of π from E to F , and denoted by BC F {E pπq. It satisfies the additional property:
(iii) BC F {E pπq » BC F {E pπ 1 q if and only if π » π 1 b pδ i F {E˝A rt E˝d etq for some i, where GalpF {Eq _ " xδ F {E y is the dual of GalpF {Eq. (iv) The weight BC F {E paq of Π is given by BC F {E paq τ " a τ 1 where τ 1 " τ | E .
2.4. Automorphic induction. In loc. cit., Arthur-Clozel also proved automorphic induction for cyclic extensions F {E of prime degree. This result was also extended to general cyclic extensions in [Hen12] .
Theorem 2.5 (Automorphic induction). Let F {E be a cyclic extension of totally number fields of degree g, and π a cuspidal automorphic representation of GL m pA F q, induced from cuspidal, such that π is not a base change from any sub-extension F 1 {E of F . Then, there exists a cuspidal automorphic representation Π of GL mg pA E q, induced from cuspidal, which satisfies the following properties:
The automorphic representation Π, which is uniquely determined by Conditions (i) and (ii) up to isomorphism, is called the automorphic induction of π, and denoted by AI E{F pπq. It satisfies the additional property:
(iii) For all finite places w of E, we have rec w pAI E{F pπq w q " rec w pAI Ew{Fv pπ v qq, where w | v.
Remark 2.6. We have stated Theorem 2.5 in such a way that the characterising properties of automorphic induction mirror those of base change. Not only is this very useful from a practical point of view, but also these functorial properties guide the proof in [Hen12] , where automorphic induction is constructed by combining base change with Galois descent.
2.5. Field of rationality of automorphic induction. It will be important for us to know the field of rationality of the automorphic representations we obtain from induction. So, we will need the following lemma.
Lemma 2.7. Let π be a RAESDC automorphic representation of GL m pA F q such that π is not a base change from any proper sub-extension F 1 {E of F . Let L π and L Π be the fields of rationality of π and Π " AI E{F pπq, respectively. Then, L Π is a subfield of L π . If further rπs " r σ πs (i.e. the Hecke orbit of π is preserved by GalpF {Eq), then L π is a cyclic extension of L Π of degree g.
Proof. By Theorem 2.2, L π is a number field, which is either totally real or CM, and by definition of base change, we have L π " Lσ π . From Theorem 2.5 (1), we see that L Π is the smallest field over which the cuspidal support of Π is defined. Since all the GalpF {Eq-conjugate of π are defined over L π , we conclude that L Π must be a subfield of L π . This gives the first assertion. To prove the second one, observe that if rπs " r σ πs, then there exists τ P HompL π , Cq such that
By uniqueness of models, this implies that
The map σ Þ Ñ τ must be an injection. Otherwise, this would contradict the fact that the stabiliser of π in GalpF {Eq is trivial. Let H be the subgroup of AutpL π q generated by τ and K " L H π . Then, Π is clearly defined over K, and it is not hard to see that K is the smallest such field. So L Π " K.
Remark 2.8. In general, it is a very delicate matter to determine the field of rationality of an automorphic representation Π whose infinite components Π v , v | 8, are limit of discrete series (see [BHR94, ST14] for example) as is the case in our applications to abelian varieties. However, since our representations are automorphic inductions of representations whose weights are regular, Lemma 2.7 ensures that their fields of rationality are still totally real or CM.
Lemma 2.9. Let pπ, χq be an essentially self-dual cuspidal automorphic representation on GL m pA F q. Then pAI E{F pπq, χ |E q is an essentially self-dual cuspidal automorphic representation on GL mg pA E q.
Proof. Let Π " AI E{F pπq, so that Π _ " AI E{F pπ _ q. Then, by Theorem 2.5, Π is cuspidal. So, we only need to show that it is essentially self-dual. We recall that π _ » π b χ, and for simplicity, we assume that the stabiliser of π in GalpF {Eq is trivial. By Theorems 2.4 and 2.5, it follows that
So, by uniqueness, we must have Π _ " Π b χ |E . This implies that pΠ, χ |E q is essentially self-dual.
2.6. Automorphic descent from GL 2g to GSpin 2g`1 . Let G{F be the algebraic group GSpin 2g`1 or the split GSpin 2g or one of its non-split quasi-split forms GSpin2 g determined by some quadratic extension of F . (For a detailed description of these groups, we refer to [AS06, AS14] .) The dual group of G is p G " GSp 2g or GSO 2g , accordingly. There is a natural embedding p G ãÑ GL 2g , which gives rise to a homomorphism ι : p GpCq ãÑ GL 2g pCq. Let pΠ 1 , χq be an AESDC automorphic representation of GL 2g pA F q. Let Π be a cuspidal automorphic representation of GpA F q. Then, for each place v of F , the local component Π v of Π is determined by its local Langlands parameter
We say that pΠ 1 , χq is the weak functorial transfer of Π to GL 2g if, for almost place v of F , the Langlands parameter of the local component Π 1 v is given by ι˝φ v . We say that it is the strong functorial transfer if this is true for all v.
Let pΠ 1 , χq be as above. Then, for every finite set of place S (containing the archimedians), we have the equality of incomplete L-series
For S sufficiently large, the left hand side has a simple pole at s " 1 (see [JS81b, JS81a] ). Hence, only one of the L-series of the right hand side must have a pole. The following theorem characterises the image of automorphic descent to GSpin 2g`1 .
(We refer to [Sha11] for the notion of global genericity, and to their Conjecture 2.10, which predicts that every cuspidal automorphic representations of GSpin 2g`1 that is everywhere local generic is globally generic. We also refer to [AS06, AS14, HS16] for a detailed study of the question of functorial transfer from GSpin 2g`1 to GL 2g .)
Theorem 2.10. Let F be a number field, and pΠ 1 , χq an essentially self-dual cuspidal automorphic representation of GL 2g pA F q. Then, the followings are equivalent:
(a) There exists a globally generic, cuspidal, automorphic representation Π of GSpin 2g`1 pA F q, whose unique functorial transfer to GL 2g pA F q is pΠ 1 , χq;
(b) The L-series L S ps,^2Π 1 b χ´1q has a pole at s " 1. 
Lifts of Hilbert automorphic representations
In this section, we prove the existence of lifts of Hilbert automorphic forms.
3.1. Automorphic representations on GL 2 . Let k ě 2 and w be two integers with the same parity. We let D k,w be the discrete series representation of GL 2 pRq defined in [Car86, §0.2]; it is the essentially square integrable sub-representation of the unitary induction Indpµ, νq, where µ, ν are the characters of Rˆgiven by µptq " |t| k´1´w 2¨s gnptq, νptq " |t|´k`1´w 2 .
The central character of D k,w is the character µν : t Þ Ñ t´w.
Let k " pk τ q τ PJF P Z JF be such that the k τ have the same parity. Let k 0 "
and n τ " k τ´2 . We are interested in automorphic representations π "
Such representations correspond to holomorphic Hilbert modular forms of weight k. In the terminology of Section 2, we see that π has weight a " pa τ q τ PJF , where a τ " pa τ,1 , a τ,2 q " pk τ`mτ´2 , m τ q. (Note that a τ,1`aτ,2 " w.)
3.2. Galois representations. Let π be a cuspidal Hilbert automorphic representation of GL 2 pA F q of weight k, and L π the field of rationality of π. Then, by work of Shimura [Shi78] , L π is the coefficient field of the newform f P π, i.e. L π " Qpta p pf q : p Ă O F uq where a p pf q is the eigenvalue of the Hecke T p at p acting on f . In this case, Theorem 2.3 is a bit more precise. In the form below, it follows from work of Carayol [Car86] , Taylor [Tay89] and many other people. 
3.3. Local-global compatibility at archimedian places. Conditions (2) and (3) express local-global compatibility conditions at finite places. This also extends to archimedian places. Let ζ kτ ,w be the character ζ kτ ,w : CˆÑ Cẑ
This character determines the 2-dimensional Weil representaion σ kτ ,w " Ind WR WC ζ kτ ,w . The local-global compatibility condition at infinite places, asserts that σ kτ ,w corresponds to D kτ ,w .
Lifts of Hilbert automorphic representations.
We are now ready to prove our main result on the existence of lifts. The method we used was suggested by F. Shahidi. It follows somewhat [RS07] , with the advantage that we now have the results in [AS06, AS14] and [HS16] at our disposal in the form of Theorem 2.10.
Lemma 3.2. Let π be a cuspidal automorphic representation of GL 2 pA F q, with central character ω, which is not a base change from any proper sub-extension F 1 {E of F . Let Π " AI E{F pπq, and t " t g´1 2 u. When g is even, let E 0 {E be the subextension of degree g{2 of F , and Π 0 a cuspidal automorphic representation over GL 4 pA E0 q such that BC F {E0 pΠ 0 q " πˆπ σ g{2 . Then we have the following isobaric decompositions:
AI E{E0 pΠ 0 q otherwise;
AI E{E0 pΠ 0 q otherwise.
Proof. Since F is cyclic, and π is not a base change from any proper sub-extension F 1 {E of F , Theorem 2.5 implies that Π " AI E{F pπq is a cuspidal automorphic representation of GL 2g pA E q. Recall that π _ " π b ω´1, and detpr λ pπqq " r λ pωqǫ k0´1 . So, by Lemma 2.9, it follows Π _ " Π b ω´1 |E . By Theorem 2.5, we havè^2
A similar calculation shows that Sym 2 r λ pΠq˘ˇˇG
When g is odd, then we can rearrange the last sum as
When g is even, then πˆπ σ g{2 is a base change from the subfield E 0 of F of degree g{2. (It is cuspidal, see below.) Let Π 0 be such that BC F {E0 pΠ 0 q " πˆπ σ g{2 . Then, Π 0 is cuspidal by Theorem 2.4, and it is not hard to see that it cannot be a base change from any proper subfield E 1 {E of E 0 . We have
j is cuspidal, for 0 ď i ă j ď g´1. So, we conclude the lemma by again applying Theorem 2.5.
Theorem 3.3. Let F {E be a cyclic extension of totally real fields of degree g. Let π be a cuspidal Hilbert automorphic representation, with central character ω, which is not a base change from any sub-extension F 1 {E of F . Then, Π 1 " AI E{F pπq descends to a globally generic, cuspidal, automorphic representation Π of GSpin 2g`1 pA E q if and only if ω factors through the norm map N F {E : F Ñ E.
Proof. Let r " t g´1 2 u or g{2 according as to g is odd or even. Then, by Lemma 3.2, there exist cuspidal automorphic representations Π 1 , . . . , Π r on GL 4g pA E q such that^2
has a pole at s " 1. Similarly, if L S ps, p^2Π 1 q b ω´1 |E q has a pole at s " 1, then so does L S ps, AI E{F pωq|¨| k0´1 b ω´1 |E q. The latter is possible if and only if ω factors through the norm map N F {E : F Ñ E, i.e. only if ω is a base change from E.
Conversely, assume that ω factors through the norm map N F {E , and also that L S ps, p^2Π 1 q b ω´1 |E q does not have a pole at s " 1. conclude that Π 1 satisfies the conditions of Theorem 2.10 if and only if ω is a base change from E. Therefore, Π 1 descends to a globally generic, cuspidal, automorphic representation Π of GSpin 2g`1 pA E q if and only if ω factors through the norm map N F {E : F Ñ E.
Remark 3.4. Let F {E be a cyclic extension of totally real fields of degree g. Let π be a cuspidal Hilbert automorphic representation, with central character ω, which is not a base change from any sub-extension F 1 {E of F . Assume that ω is not a base change from E. Then, Theorem 3.3 also shows that π lifts to an automorphic representation Π on the even split GSpin 2g or one of its quasi-split non-split form GSpin2 g . The central character of Π 1 is ω |E , so we obtain a quadratic character µ : EˆzAÊ Ñ t˘1u given by
|E . If µ is trivial, then π lifts to the split GSpin 2g . Otherwise, it lifts to the quasi-split non-split GSpin2 g determined by µ.
Corollary 3.5. Let F {E be a quadratic extension of totally real fields, and
Proof. We use the same argument as in the proof of [Pil17, Proposition 15.4]. Let Π be the lift of π obtained from Theorem 3.3, and write
where Π g 8 and Π f are the infinite and finite parts of Π, respectively. This is a globally generic, cuspidal, automorphic representation of GSpin 5 pA E q » GSp 4 pA E q. Therefore, the global A-packet of Π is generic in the sense of [Art04, The Classification Theorem]. Hence, it is stable and tempered. This means that every local component of this A-packet is an L-packet. For every ν P J E , the L-packet of Π g ν is tΠ g ν , Π h ν u, where Π h ν is the holomorphic (limit of) discrete series of the same weight as Π g ν (see [Sch15] ). Therefore, by setting
we obtain an holomorphic automorphic representation Π h of GSp 4 pA E q, which belongs to the same A-packet as Π. 3.5. The weight of the lift. Let G " GSpin 2g`1 and G 1 " GL 2g , and recall that p G " GSp 2g and x G 1 " GL 2g . (See [AS14] or [MT02] for a nice description of these groups in terms of their root data.) LetpB, T q be a pair of a Borel subgroup B and a maximal torus T in G. Also let pB 1 , T 1 q be the pair consisting of the standard Borel and maximal torus of G 1 . We have the pairs p p B, p T q and p x B 1 , p T 1 q for the dual groups p G and x G 1 , respectively. Let X˚p p T q and X˚p p T 1 q (resp. X˚p p T q and X˚p p T 1 q) be the corresponding character (resp. cocharacter) lattices. The natural inclusion of dual tori p T ãÑ p T 1 induces a homomorphism X˚p p T q b Q ãÑ X˚p p T 1 q b Q of cocharacter lattices by composition. Let δ and δ 1 be the half-sum of the positive coroots in X˚p p T q and X˚p p T 1 q, respectively.
Lemma 3.7. Let Π be a globally generic cuspidal automorphic representation of GSpin 2g`1 pA E q of weight λ, and Π 1 its functorial transfer to GL 2g pA E q. Then, the
Remark 3.8. In [AS06, §6] , there is an explicit recipe which relates the Langlands parameters of Π and Π 1 . Lemma 3.7 can be seen as a reinterpretation of this recipe in terms of weights. Similarly, for G " GSp 4 and G 1 " GL 4 , and Π a holomorphic cuspidal Hilbert-Siegel automorphic representation on G, there is a recipe in [Sor10, §2] , which gives the Langlands parameters of its functorial transfer Π 1 to G 1 in terms of the Harish-Chandra parameters of Π using theta correspondence. This recipe can also be recovered from Lemma 3.7 and the (accidental) isomorphism
Corollary 3.9. Let π be a cuspidal Hilbert automorphic representation of weight k which satisfies the conditions of Theorem 5.4. Let k E " pk E,ν q νPJE , where k E,ν " pk τ q τ PSν and S ν " τ P J F : τ |E " ν ( . Up to labelling and reordering the set of places in S ν , we can assume that k E,ν " pk ν,1 , . . . , k ν,g q such that k ν,1 ě k ν,2 ě¨¨ě k ν,g ě 2. Then, the weight λ of Π is the inverse image, under the inclusion map X˚p p T q b Q ãÑ X˚p p T 1 q b Q, of the weight λ 1 " pλ 1 ν q νPJE of Π 1 given by λ 1 ν " pk ν,1`mν,1´2 g, . . . , k ν,g`mν,g´g´1 , m ν,g´g`1 , . . . , m ν,1 q. Proof. For each prime λ of L π , the Hodge-Tate weights of r λ pΠ 1 q are given by
Therefore, the weight of Π 1 is given by λ 1 " pλ 1 ν q νPJE where λ 1 ν " pk ν,1`mν,1´2 g, . . . , k ν,g`mν,g´g´1 , m ν,g´g`1 , . . . , m ν,1 q. We conclude by applying Lemma 3.7.
Remark 3.10. Corollary 3.9 implies that the weight of the lift Π in Theorem 3.3 is regular if and only if the k τ 's are pairwise distinct, in which case k 0 ě 2g. In particular, automorphic inductions of cuspidal Hilbert automorphic representation of parallel weight 2 are always limits of discrete series.
3.6. Level structure and new vectors theory for the lift. Let N be the level of the Hilbert automorphic representation π in Theorem 3.3. Then, the level structure of Π is the paramodular group K par pN 1 q where N 1 " N F {E pNqD g F {E and D F {E is the different of the relative extension F {E. We refer to [Gro16] for the description of K par pN 1 q as well as the theory of new vectors. Although the discussion in there is concerned with SO 2g`1 over Q, the results extend to GSpin 2g`1 over general number fields.
Descent of isogeny classes of abelian varieties
Let A be an abelian variety over F , with L " End F pAq b Q. Let λ be a prime in L, and denote by ρ A,λ : GalpQ{F q Ñ GSp 2g pL λ q the Galois representation into the λ-adic Tate module of A. If A is of GL 2 -type, in which case dimpAq " rL : Qs, then g " 1, and we have ρ A,λ : GalpQ{F q Ñ GL 2 pL λ q. In that case, we let a p :" Trpρ A,λ pFrob p qq.
Assume that F {E is a Galois extension, and let ρ λ : GalpQ{F q Ñ GLpV λ q be a λ-adic representation. There is a natural action of GalpF {Eq on the set of such representations given by pσ¨ρ λ qpFrob p q :" ρ λ pFrob σppq q.
Theorem 4.1. Let F {E and L{K be extensions of totally real number fields of degree g. Let B be an abelian variety of dimension rL : Qs defined over E. Suppose that the followings hold:
1. F is a cyclic extension of E of degree g; 2. End E pBq b Q " K; 3. End F pAq b Q " L, where A " BˆE F , and B does not become of GL 2 -type over any proper sub-extension
Then L{K is cyclic, and there exists a generator τ P GalpL{Kq such that a σppq " τ pa p q, for all primes p.
Proof. Let V ℓ be the underlying Q ℓ -vector space to the ℓ-adic Tate modules of A and B; and ρ A,ℓ : GalpQ{F q Ñ GLpV ℓ q, and ρ B,ℓ : GalpQ{Eq Ñ GLpV ℓ q the corresponding Galois representations. By Faltings [Fal83, Sätzen 3 and 4], V ℓ is a semi-simple GalpQ{F q-module, and we have
Let λ | ℓ be a prime of L, and L λ the completion of L at λ, and set
Since A is of GL 2 -type, V λ is a rank two L λ -module. Let ρ A,λ : GalpQ{F q Ñ GLpV λ q be the corresponding λ-adic Tate module. By [Rib04, Proposition 3.3], V λ is absolute irreducible with End Q ℓ rGalpQ{F qs pV λ q " L λ and End L λ pV λ q " L λ . Similarly, let λ 1 | ℓ be a prime of K, and K λ 1 the completion of K at λ 1 , and set V λ 1 " V ℓ b KbQ ℓ K λ 1 . Since V ℓ has rank 2g over K b Q ℓ , V λ 1 is a K λ 1 -module of rank 2g. A similar argument as in [Rib04, Proposition 3.3], shows that V λ 1 is absolute irreducible as a K λ 1 rGalpQ{Eqs-module with End Q ℓ rGalpQ{Eqs pV λ 1 q " K λ 1 and End K λ 1 pV λ 1 q " K λ 1 . As above, the corresponding λ 1 -adic Tate modules ρ A,λ 1 : GalpQ{F q Ñ GLpV λ 1 q and ρ B,λ 1 : GalpQ{Eq Ñ GLpV λ 1 q can also be written as ρ A,λ 1 : GalpQ{F q Ñ GSp 2g pK λ 1 q, and ρ B,λ 1 : GalpQ{Eq Ñ GSp 2g pK λ 1 q.
Let λ be a prime of L lying above λ 1 in K. Since ρ A,λ 1 " ρ B,λ 1 | GalpQ{F q is reducible after extension of scalars to L λ , and σ¨ρ A,λ 1 " ρ A,λ 1 , we have that
Since B doesn't become of GL 2 -type over any proper subfield F 1 {E of F , the summands are pairwise inequivalent. This means that the representation Ind F E pρ A,λ q is irreducible, and we have
Let p be a prime of F , and recall that a p " Trpρ A,λ pFrob pP L. By construction, we have pσ¨ρ A,λ qpFrob p q " ρ A,λ pFrob σppq q, and Trpρ A,λ pFrob σpp" a σppq P L. We need to show that the map pτ : L Ñ L, a p Þ Ñ a σppis a homomorphism. To this end, let S K :" θ : L ãÑ Qˇˇθ |K " 1 ( . Then, since B becomes of GL 2 -type over F , we have
By Tate's conjecture on endomorphism rings of abelian varieties, the extension L{K is generated by the set ta p : p primeu (see [Rib04, Proposition 3.5]). So, the map τ is indeed a homomorphism. Furthermore, since End E pBq b Q " K, and B doesn't become of GL 2 -type over any proper subfield F 1 {E of F , there exists a totally split prime p Ă O F such that a p , and hence a σppq , is a primitive element. So, the map pφ : GalpF {Eq Ñ AutpLq, σ Þ Ñ τ q is injective. By letting H " impφq, we see that K " L H and GalpF {Eq » GalpL{Kq. This concludes the proof of the theorem.
We conclude this section with the following converse statement to Theorem 4.1.
Theorem 4.2. Let F {E and L{K be cyclic extensions of totally real number fields of degree g. Let A be an abelian variety of dimension rL : Qs defined over F . Suppose that the followings hold:
2. There exists a generator τ P GalpL{Kq such that a σppq " τ pa p q, for all primes p.
Then, there exists an abelian variety B defined over E, with End E pBq b Q " K, such that A " BˆE F .
Proof. Let X " Res F {E pAq, ℓ a rational prime, and V ℓ pXq the ℓ-adic 
Let λ 1 , λ be primes in K and L, respectively, with λ | λ 1 . Then, we have
By construction, we have that
A,λ q. By Condition (2), W λ is an irreducible L λ rGalpQ{Eqs-module, and the characteristic polynomial of every Frobenius element acting on it lies in Krxs Ă K λ 1 rxs. Therefore, there exists an irreducible K λ 1 rGalpQ{Eqs-module W λ 1 such that W λ " W λ 1 b K λ 1 L λ , and W λ 1 satisfies one of the following two possibilities:
In case (ii), this would mean that there is a simple factor B of X, and a totally definite division algebra D of dimension g 2 over K such that End E pBq b Q » D, and End K λ 1 rGalpQ{Eqs pW λ 1 q " D λ 1 , where D 1 " D λ 1 is the completion of D at λ 1 . Since End F pXq b Q " M g pLq, such a division algebra would be split by L which is totally real. But this is impossible, so case (ii) cannot happen. Hence, W λ descends to K λ 1 , and we have
From this, we see that
Since this is true for every prime ℓ, we see that End E pXq b Q " M g pKq. Let B be a simple factor of X. Then, one sees that BˆE F is necessarily simple, and that BˆE F " A. By construction, we have End E pBq b Q " K.
Remark 4.3. We expect Theorems 4.1 and 4.2 to generalise to arbitrary Galois extensions F {E. They show that, when B{E is an abelian variety such that A " BˆE F acquires extra endomorphisms, then there is a strong interaction between the group structure of GalpF {Eq and that of Aut K pLq where K " End E pBq b Q, and L " End F pAq b Q. Theorem 5.4 below can be seen as a natural counterpart on the automorphic side which indicates the important of this relation from a functorial point of view. The E-varieties, which have been extensively studied in [Rib04, Pyl04, Gui10] , seem to represent an extreme case where this relation is simply absent as the action of the group GalpF {Eq on L is trivial. (We refer to [Dem16] for more details on this.)
The Gross conjecture
The goal of this section is to provide some evidence for the following statement which is a slight generalisation of Conjecture 1.1 in the introduction. (Our statement should also be compared with [BK14, Conjecture 1.4]).
Conjecture 5.1 (Gross-Langlands). Let E be a number field, and B be an abelian variety defined over E such that End E pBq b Q " K is a totally real field of degree d with dimpBq " dg, for some g P Z ě1 . Assume that B is not of GL 2 -type, i.e., that g ě 2 when dimpBq ě 2. Let condpBq " N d be the conductor of B. Then there exists a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA E q of weight 2 and paramodular level structure N, with field of rationality K, such that LpB, sq " ź
where rΠs denotes the Hecke orbit of Π.
Conjecture 5.1 was probably known to experts in some less imprecise form. To the best of our knowledge, however, Gross [Gro16] was the first to give a refinement which also predicts the level of Π in terms of the conductor of B. In [Gro16] , after fixing an isomorphism ι : Q ℓ » C, the Weil-Deligne representations arising from the ℓ-adic Tate module attached to B are normalised so that they take values in Sp 2g pCq. So, the conjectured automorphic representation Π lives on SO 2g`1 pA Q q.
Using the local Langlands correspondence for SO 2g`1 (see [JS04] ), Gross provides a precise recipe for the local component Π v for the representation
The difficult is in proving that Π is automorphic and cuspidal.
Remark 5.2. Although the infinite components of the automorphic representation Π are limits of discrete series, the theory of newforms developed in [Gro16, § §6-8] allows for a more classical definition of the field of rationality L Π of Π, and it should be equal to K. So, we can define the Hecke orbit of Π under that assumption. But we expect that one can also give a definition of L Π that is more intrinsic.
Remark 5.3. The restriction to abelian varieties not of GL 2 -type in our formulation of Conjecture 5.1 is not essentially. We refer to the discussion following [Gro16, Proposition 6] to see how to the conjecture can be restated in a way that encompasses abelian varieties of GL 2 -type.
Compatibility with Galois descent.
In this subsection, we show that Conjecture 5.1 is compatible with lifts of Hilbert automorphic representations, which correspond to descent of isogeny classes on the geometric side.
Theorem 5.4. Let F {E be a cyclic extension of totally real fields of degree g, and GalpF {Eq " xσy. Let N be an integral ideal such that N σ " N. Let f be a Hilbert newform of parallel weight 2, level N and trivial central character, with field of coefficients L, which is not a base change from any proper sub-extension F 1 {E of F . Assume that the Hecke orbit of f is preserved by GalpF {Eq, and that there is an abelian variety A attached to f by the Eichler-Shimura construction. Then, the followings hold:
(i) There exist a subfield K of L such that the extension L{K is cyclic Galois of degree g; and a generator τ P GalpL{Kq such that, for all primes p, a σppq pf q " τ pa p pf qq.
(ii) The isogeny class of A descends to E, i.e. there exists an abelian variety B defined over E such that End E pBq b Q » K and A " BˆE F ; (iii) The automorphic representation π on GL 2 pA F q attached to f lifts to a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA E q, with field of rationality K, such that LpB, sq " ź
Proof. (i) Let π be the automorphic representation attached to f , and let σ π " π˝σ. Then for p prime, a σppq pf q is the Hecke eigenvalue at p of the newform π and π are in the same Hecke orbit. This is equivalent to saying that there exists τ P GalpL{Kq nontrivial such that σ π " π τ , which translates into the stated identity. Furthermore, since f is not a base change from any intermediate field, τ must be a generator.
(ii) The identity (i) is the descent condition on the isogeny class of A given in Theorem 4.2. So, the isogeny class of A descends to that of an abelian variety B over E.
(iii) Since π is not a base change from any proper sub-extension F 1 {E of F , we deduce from Theorem 3.3 that π admits a lift Π to GSpin 2g`1 pA E q. By Lemma 2.7, the field of rationality of Π is K. By construction, we have Remark 5.5. In Theorem 5.4, the condition that π is not a base change from any proper sub-extension F 1 {E of F can be relaxed as follows. Let H " Stab G prπsq, where G " GalpF {Eq, and
5.2.
Automorphy of abelian varieties acquiring extra endomorphisms. We now prove a converse statement to Theorem 5.4. We refer to [BDJ10] for the Serre conjecture for totally real number fields.
Theorem 5.6. Let F {E and L{K be extensions of totally real number fields of degree g. Let B be an abelian variety of dimension rL : Qs defined over E. Suppose that the followings hold:
where A " BˆE F , but B doesn't become of GL 2 -type over any proper subfield F 1 {E of F ; 4. There is a rational prime ℓ, and a prime λ 1 | ℓ in K which is totally ramified in L such thatρ A,λ is surjective for the unique prime λ | λ 1 in L. If ℓ " 2, then further assume that F pArλsq is non-solvable.
If the Serre conjecture for totally real number fields is true for E, then B is automorphic. More specifically, there exists a cuspidal Hilbert automorphic representation π on GL 2 pA F q, which lifts to a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA E q such that LpB, sq " ź
Proof. Keeping the same notations as in Theorem 4.1, we have the commutative diagram
where 1˙ρ A,λ : GalpQ{F q Ñ GL 2 pL λ q g is given by p1˙ρ A,λ qpFrob p q :" pρ A,λ pFrob p q, . . . , ρ A,λ pFrob σ g´1 pp.
We recall that, by Theorem 4.1, there exists a generator τ P GalpL{Kq such that
for all primes p Ă O F . Letρ A,λ be the reduction of ρ A,λ modulo λ, andρ ss A,λ its semi-simplification. Since λ is totally ramified in L, we see that a σppq " a p mod λ, for all primes p Ă O F . So,ρ ss A,λ : GalpQ{F q Ñ GL 2 pF λ q is a base change from E. By assumptionρ A,λ is surjective. So it is absolutely irreducible, henceρ A,λ "ρ ss A,λ . Since we assume that the Serre conjecture for totally real number fields is true for E (see [BDJ10] Remark 5.8. In light of recent works of Pilloni [Pil17] and Calegari-Geraghty [CG16] , one might also be able to extend our approach to other groups such as GSp 4 to produce further evidence to Conjecture 5.1 via functoriality.
Corollary 5.9. Let F {Q and L{K be extensions of totally real number fields of degree g. Let B be an abelian variety of dimension rL : Qs defined over Q. Suppose that the followings hold:
1. F is cyclic; 2. End Q pBq b Q " K; 3. End F pAq b Q " L, where A " BˆQ F , but B doesn't become of GL 2 -type over any proper subfield F 1 {E of F ; 4. There is a rational prime ℓ, and a prime λ 1 | ℓ in K which is totally ramified in L such thatρ A,λ is surjective for the unique prime λ | λ 1 in L. If ℓ " 2, then further assume that F pArλsq is non-solvable. Then B is automorphic, i.e., there exists a cuspidal Hilbert automorphic representation π on GL 2 pA F q, which lifts to a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA Q q, such that LpB, sq " ź
In particular, we have the following corollary for abelian varieties of prime dimension.
Corollary 5.10. Let B be an abelian variety defined over Q such that End Q pBq b Q " K is a totally real field. Suppose that there exist totally real extensions F {Q and L{K of prime degree g such that 1. F is cyclic; 2. rL : Qs " dimpBq and End F pAq b Q " L, where A " BˆQ F ; 3. There is a rational prime ℓ, and a prime λ 1 | ℓ in K which is ramified in L such thatρ A,λ is surjective for the unique prime λ | λ 1 in L. If ℓ " 2, then further assume that F pArλsq is non-solvable. Then, B is automorphic, i.e. there exists a cuspidal Hilbert automorphic representation π on GL 2 pA F q, which lifts to a globally generic cuspidal automorphic representation Π on GSpin 2g`1 pA Q q, such that LpB, sq " ź
Proof of Corollary 5.9. Since E " Q, the Serre conjecture is true [Ser87, KW09] . So we conclude by applying Theorem 5.6.
Remark 5.11. There are two separate aspects to Corollary 5.9 (and in fact Theorem 5.6). The first one is concerned with potential modularity of abelian varieties which acquire extra endomorphisms after base change, while the second is about functoriality. If one is only interested in potential modularity, then the assumption that the extension F {Q be cyclic is not strictly necessary. Indeed, there are results of Dieulefait on modularity of residual Galois representations that are non-solvable base change (see for example [Die12, §6] , and also [Hid09] ).
One easily deduces the following uniformisation result from Corollary 5.9. Remark 5.13. Although the morphism φ : JacpX D 0 pNqq Ñ B is defined over Q, the abelian variety B itself cannot be the quotient of the Jacobian of a Shimura curve arising from a quaternion algebra D defined over Q as B is not of GL 2 -type. 
6. Examples
In this section, we illustrate Theorems 5.4 and 5.6 with some concrete examples.
6.1. An example over the real cubic field of smallest discriminant. Let F " Qpζ 7 q`" Qpbq, where b 3`b2´2 b´1 " 0, be the totally real cubic subfield of the cyclotomic field generated by the 7-th root of unity. This is the totally real cubic field of smallest discriminant. It is Galois, we let σ be a generator of GalpF {Qq. Let D be the quaternion algebra over F ramified at exactly 2 of the real places. Let Proposition 6.1. Let C{Q the hyperelliptic curve given by
with discriminant discpCq "´2 36¨324¨728 . Let B " JacpCq be its Jacobian, and A " BˆQ F . Then, we have the followings: (i) End Q pBq " Z, and End F pAq b Q » F ; (ii) There exists an automorphic representation Π on GSpin 7 pA Q q such that LpB, sq " LpΠ, sq;
(iii) There is a non-constant morphism φ : JacpX
Proof. We use the algorithm described in [CMSV17] to show that A has RM by a suborder of O F of index 3. A Magma calculation shows that the prime-to-2-part of the conductor of A is q 6 . Let λ be the unique prime above 7. By computing the orders of Frobenii for the first few primes in F , one sees thatρ A,λ : GalpQ{F q Ñ GL 2 pF 7 q is surjective. If B were of GL 2 -type, then A would be modular as a base change. Otherwise, we can apply Corollary 5.10. So, in either cases, A is modular. Now, we will show that B cannot be of GL 2 -type. To this end, let C 1 be the quadratic twist of C by d " 8, and let B 1 " JacpC 1 q and
is also modular. It is much easier to compute the conductor of A 1 , and we obtain that condpA 1 q " p2 18¨36 q " N 1 3 . Since A 1 is the quadratic twist of A by d " 8, we get that condpAq " q 6 " N 3 . So A has good reduction at 2.
If B were of GL 2 -type, then the Hilbert newform corresponding to A would be a base change. The new subspace of Hilbert cusp forms of level N and weight 2 is 8-dimensional (as explained above). It has two Hecke constituents of dimension 3. In Table 1 , we have listed their Hecke eigenvalues for the first few primes. One can see that they are inner twist of each other, and neither of them is a base change. Therefore B cannot be of GL 2 -type. Since F is cubic, this means that End Q pBq " Z. The same shows that End Q pB 1 q " Z. We conclude the proof using Corollaries 5.10 and 5.12.
Remark 6.2. The argument we used to prove that B is not of GL 2 -type cannot be applied directly to B 1 as the dimension of the new subspace of cusp forms of level N 1 and weight 2 is 1884288.
6.2. An example over the real cubic subfield of Qpζ 43 q`. Our second example is over the cubic subfield F " Qpbq of Qpζ 43 q`, here b 3`b2´1 4b`8 " 0. We consider the quaternion algebra D ramified at exactly two of the real places of F . We let O D be a maximal order, and X D 0 p1q the Shimura curve of level p1q. This is a curve of genus 6 defined over Q. Under the Hecke action, we have the decomposition JacpX
where E is the base change of the elliptic curve defined over Q by
with j-invariant jpEq " 1849 " 43 2 . The abelian surface A has RM by Zr 1`?5 2 s. It is the Jacobian of the genus 2 curve C : y 2`Q pxqy " P pxq given by
Qpxq :" x 3`x`1 .
We have discpCq " up´b 2`5 b´3q 22 , where´b 2`5 b´3 generates the unique prime ideal above 43 and u P OF , and condpAq " p1q. In fact, A is a quadratic twist of the base change of the Jacobian of the curve C 1 given by
Proposition 6.3. There exists an abelian threefold B 1 defined over Q such that End Q pB 1 q " Z, and A 1 " B 1ˆQ F becomes of GL 2 -type, with RM by the cubic subfield K " Qpeq of Qpζ 19 q`given by e 3´e2´6 e`7 " 0. So, the decomposition
Proof. The Hecke eigenvalues of the newform corresponding to A are listed in Table 2. One see that it cannot be a base change. Since it belongs to the unique Hecke constituent of dimension 3, it must satisfy the conditions of Theorem 5.4. It follows that its isogeny class descend to an abelian threefold B 1 with End Q pB 1 q " Z. Since E and A also descend to Q, we conclude from Corollary 5.12 that the decomposition of JacpX D 0 p1qq must descend as well. Remark 6.4. From the Hecke eigenvalues listed in Table 2 , it is not hard to check that the mod 2 Galois representation attached to A 1 surjects onto PSL 2 pF 8 q. Since this is not a subgroup of S 8 , we see that B
1 cannot be the Jacobian of a hyperelliptic curve (assuming that it is principally polarised). 7. Application to the Gross conjecture for non-solvable Galois number fields
In [Dem09] (see also [Ser09] ), the second author proved the following theorem:
Theorem 7.1. There exists a Galois number field M ramified at 2 only, with Galois group GalpM {Qq " SL 2 pF 2 8 q
2¸Z
{2Z.
Theorem 7.1 settled a conjecture of Gross on the existence of non-solvable Galois number fields which ramify at one prime only for p " 2. The number field M was constructed using Galois representations arising from Hilbert modular forms. In this section, we will explain the very interesting connection between Theorem 7.1 and Conjecture 5.1.
Let F " Qpζ 32 q`" Qpβq, where β :" ζ 32`ζ´1 32 has minimal polynomial x 88 x 6`2 0x 4´1 6x 2`2 . The space S 2 p1q, of Hilbert newforms of level p1q and weight 2 over F , has dimension 57. The Hecke constituents have dimensions 1, 2, 2, 4, 16 and 32. Let f be one of the newforms in the Hecke constituent of dimension 16; and let L f " Qpta p pf quq be its coefficient field. Then L f is a cyclic extension of K " Qp ? 5q. More precisely, L f is given by the polynomial x 8`p´1 0w`1qx 2 . It is a ray class field of conductor c " p48w´569q, which is the product of the primes p´2w`1q, pw´10q, and p23w´11q above 5, 89 and 661 respectively. Lemma 7.2. Let GalpF {Qq " xσy; then there exists τ P GalpL f {Kq such that a σppq pf q " τ pa p pffor all primes p.
Proof. The prime 31 splits completely in F . There are 8 distinct Hecke eigenvalues a p pf q for p | 31. So f cannot be a base change from any subfield of F . (In other words, the stabiliser of f under the action of GalpF {Qq is trivial.) Furthermore, since f is in the unique constituent of dimension 16, its Hecke orbit must be preserved by the action of GalpF {Qq. Therefore, letting GalpF {Qq " xσy, we see that there exists τ P GalpL f {Kq such that a σppq pf q " τ pa p pffor all primes p.
By Theorem 3.1, we can associate a compatible system of λ-adic Galois representations ρ f,λ : GalpQ{F q Ñ GL 2 pL f,λ q, where λ runs over all the primes of L f . The field M in Theorem 7.1 was constructed from the reductions of ρ f,λ1 and ρ f,λ2 modulo the primes λ 1 , λ 2 above 2. If we assume that the Eichler-Shimura conjecture holds for F , then there is an abelian variety A f {F of dimension 16 and conductor p1q such that: 1. End F pA f q b Q » L f ; 2. For all primes λ of K f , ρ A f ,λ " ρ f,λ , where ρ A f ,λ : GalpQ{F q Ñ GL 2 pL f,λ q is the Galois representation in the λ-adic Tate module of A f . This would mean that the number field M arises from the field of 2-torsion of the abelian variety A f (and its conjugates).
Theorem 7.3. Assume that the Eichler-Shimura conjecture holds for F , and let A f be the abelian variety attached to f . Then, there exists an abelian variety B{Q of dimension 16 such that the followings hold:
(i) The base change BˆQ F is isogenous to A f ; (ii) End Q pBq " Zr Proof. The discussion above, together with Lemma 7.2, shows that the newform f and the conjecturally attached abelian variety A f satisfy the conditions of Theorem 5.4. So the isogeny class of A f descends to Q.
Remark 7.4. The abelian varieties A f and B were discussed in [DV13] . But the connection with lifts of Hilbert modular forms wasn't clear to the authors at the time.
